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Most investigations of rare earth ions in solids for quantum information have used rare earth ion
doped crystals. Here we analyse the conversion of quantum information from microwave photons to
optical frequencies using crystals where the rare earth ions, rather than being dopants, are part of
the host crystal. The potential of large ion densities and small linewidths makes such systems very
attractive in this application. We show that, as well as high efficiency, large bandwidth conversion is
possible. In fact, the collective coupling between the rare earth ions and the optical and microwave
cavities is large enough that the limitation on the bandwidth of the devices will instead be the
spacing between magnon mode modes in the crystal.
I. INTRODUCTION
Over recent years, superconducting qubits have
emerged as a leading qubit design for quantum informa-
tion processing [1–3]. In these systems, quantum infor-
mation can readily be coupled into and out of the qubits
via microwave photons. However, this means that they
need to be operated at temperatures in the milli-kelvin
range in order to not be swamped by thermal noise. It
also makes long distance communication problematic be-
cause transferring quantum information with microwave
photons would require a cryogenically cooled channel.
Transferring quantum information to optical frequen-
cies using a microwave-to-optical up-converter would get
around this problem and enable the use of existing opti-
cal network technology.
To be useful for quantum computing, a microwave-to-
optical up-converter needs nearly unity conversion ef-
ficiency for single photons and no added noise. This
requires a system with a strong interaction with both
optical and microwave fields, and a very strong nonlin-
earity to perform the conversion. Several different ap-
proaches have been investigated. Electro-optomechanical
approaches [4–9] have achieved the highest efficiency so
far of 47%, but the conversion bandwidth was limited to
12 kHz and there were 38 photons of added noise [10, 11].
Conversely, electro-optic materials [12–16] have demon-
strated a 2% conversion efficiency but with a much larger
bandwidth, of 0.59 MHz at 2 K [17].
Approaches using atoms [18, 19] have been proposed.
Recently, using the strong microwave and optical transi-
tions of a cloud of Rydberg atoms at microkelvin temper-
atures, a conversion efficiency of 0.3% has been achieved
with a 4 MHz bandwidth [20]. Collective spin excita-
tions within a ferromagnet (magnons) have also been
suggested. These resonances interact strongly with mi-
crowave cavity fields because of the very high density
of spins. Low efficiency up-conversion has been demon-
strated in a ferromagnetic crystal of yttrium iron garnet
(YIG), limited by the weak coupling of the magnons to
the optical field [21–24].
Atom-like systems in solids have been investigated in-
cluding defects in diamond [25, 26] and rare-earth doped
solids [27–30]. In these latter systems, the non-linearity
is obtained by simultaneously operating close to the nar-
row paramagnetic resonance (at microwave frequencies)
and electronic resonance (at optical frequencies) of the
rare earth dopant. If the chosen dopant is erbium, with
an optical resonance near 1.5 µm, this approach has the
additional advantage of converting to the low-loss fiber
telecommunications band. Only a low efficiency has been
demonstrated so far, of 10−5 in 0.001% Er:Y2SiO5 at 5 K
with ≈ 1 MHz bandwidth [30].
A high nonlinearity, and thus conversion efficiency, in
these rare earth systems requires a high rare earth con-
centration and low optical and spin transition linewidths
[27] so the system can be operated as close to the reso-
nances as possible. However, these two desires are in con-
flict in dilute rare earth crystals. The rare earth dopant
causes strain in the lattice, and as the concentration in-
creases this leads to inhomogeneous broadening of the
spectral line [31]. Fully concentrated crystals, however,
can also show narrow optical lines along with high optical
depth, because the disorder due to randomly distributed
dopant ions is removed. For example, a linewidth of
25 MHz has been observed in Eu35Cl3·6H2O [32], compa-
rable to the narrowest linewidths seen in dilute crystals
[33, 34].
Fully concentrated crystals also offer another feature:
at temperatures around 1 K, they can display magnetic
order. The same magnon modes used in ferromagnetic
YIG for up-conversion are expected in pure rare earth
crystals, although the low ordering temperature means
these have not been well studied. YIG does, however,
provide a striking example that narrow lines are possible
on these modes: the magnon resonance linewidth is as
low as 0.6 MHz [21, 35] a result that first drove inter-
est in using YIG for up-conversion [36–38] . While the
magnon lines are narrow, the available optical transitions
in YIG come from iron and have linewidths of hundreds of
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2terahertz, which limits the achievable non-linearity. This
is not an issue in concentrated rare earth crystals due to
their narrow lines.
In this paper, we propose and analyse a system for
up-conversion that combines the advantages of the ferro-
magnetic magnon and rare earth approaches. We suggest
using a magnetically ordered crystal fully concentrated
in an optically active rare earth ion. These systems are
exciting for microwave to optical transduction because
they promise very high atomic concentrations, but at the
same time narrow optical transitions and narrow collec-
tive magnetic resonances.
II. DEVICE OVERVIEW
Our proposed device uses a similar process to a device
proposed for low-concentration doped rare earth crystals
[27, 29, 30], and we first briefly describe that device. The
device is shown in Fig. 1. A doped rare-earth ion crystal
at cryogenic temperatures is coupled to a microwave res-
onator, an optical resonator and a coherent optical driv-
ing field. The dynamics of the device can be described
by an off-resonant Raman-like process using the three-
level energy diagram shown in Fig. 2 (a). The rare-earth
ions begin in their ground state |g〉, a microwave photon
(frequency ωµ) input into the microwave cavity excites a
spin excitation within the doped rare-earth crystal, state
|1〉. A coherent driving field (frequency ωΩ) then ex-
cites an optical transition, state |2〉, where the rare-earth
ion then returns to the ground state, emitting an opti-
cal photon resonant with the optical cavity (frequency
ωo). All three fields are detuned from their respective
transition resonances, but they are kept in three pho-
ton resonance, ωµ + ωΩ = ωo. Driving all transitions
off-resonantly greatly simplifies the dynamics of the de-
vice, because it allows us to adiabatically eliminate the
dynamics of the excited levels.
Our newly proposed device works in the same manner
as the device just described, however, in the new device
we replace the doped rare-earth ion crystal with a fully
concentrated rare-earth ion crystal. In a high concentra-
tion regime the strong interactions between rare-earth
ions means the dynamics are best understood in collec-
tive excitations, rather than the individual ion energy
states of the previous device. Similar to the previous
device, the dynamics of the newly proposed device can
be described by an off-resonant Raman-like process using
the three level energy diagram shown in Fig.2 (b), how-
ever now state |1〉 is a single collective spin excitation (a
magnon) that is excited both by direct microwave driving
and by a two-optical-photon Raman process.
In our device we will be working in the regime where
the microwave field wavelength is much greater than the
rare-earth ion crystal sample size. Under this condition
the magnon modes that can be excited within the sam-
ple do not propagate, and are known as magnetostatic
modes. These modes are well understood in an isotropic
S
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FIG. 1. The device used to convert microwave photons into
optical photons. A rare-earth crystal (doped rare earth crys-
tal for previous device [27], fully concentrated for proposed
device) is placed within a microwave resonator and an optical
cavity. A static magnetic field is then applied in the zˆ direc-
tion. This controls the the frequency of the spin resonance
(magnon resonance in current device).
FIG. 2. (a) Energy level diagram used to describe the dy-
namics of the previous conversion device [27]. An input mi-
crowave photon, in mode aˆ, excites a spin excitation in the
k’th rare-earth ion, state |1〉k. A coherent driving field with
Rabi frequency Ω then drives the spin excitation to an op-
tical excitation, state |2〉k. From state |2〉k the device de-
cays into the ground state |g〉k releasing an optical photon
in mode bˆ in the process. Each state transition is driven off-
resonantly indicated by the detunings ∆o,k and ∆µ,k. (b)
Energy level diagram used to describe the dynamics of our
newly proposed conversion device. Strong interactions be-
tween the spins means that using the single atom picture
becomes problematic. The conversion occurs via a similar
off-resonant Raman-like process to that of the previous con-
version device. The state |1〉 has one excitation in the Kittel
mode and is driven off-resonance (an amount ∆M ) by both
a microwave input field (coupling strength Gµ) and a two
optical photon Raman process (coupling strength Go,Ω).
spherical material [39–41]. The description of our newly
proposed conversion device assumes that an input mi-
crowave photon excites only the lowest order, spatially
uniform (1, 1, 0) magnon mode or Kittel mode. This as-
sumption is justified by operating with the other magnon
3modes highly detuned from both the microwave driving
field and the driving by the two optical fields. Further-
more, choosing a microwave resonator with a uniform
mode across the sample will mean that the other magne-
tostatic modes are only weakly driven, since those modes
are spatially non-uniform.
We derive the device Hamiltonian in Appendix A, and
show that it can be reduced to a coupling between the
microwave (aˆ) and optical (bˆ) modes
H = ~(ξaˆ†bˆ+ ξ∗bˆ†aˆ) (1)
where the coupling strength, ξ, is given by
ξ =
G∗µGo,Ω
∆M
. (2)
with ∆M the microwave detuning from the Kittel mode.
The strength of the Kittel mode coupling via the the
microwave input field (Gµ) and the two optical photon
Raman process (Go,Ω) are derived in Appendix A to be
Gµ =
1√
N
∑
k
gµ,k (3)
Go,Ω =
1√
N
∑
k
Ω∗kgo,k
∆o,k
(4)
Here, the sum runs over all N rare-earth ions in the
sample, gµ,k and go,k represent the coupling strength be-
tween the k’th ion and the microwave and optical cavi-
ties respectively, Ωk is the Rabi frequency of the classical
driving field and ∆o,k is the detuning of the optical field
from the k’th ions optical transition.
III. DEVICE EFFICIENCY
In this section the input-output formalism developed
in [42] is used to calculate the relations between the
microwave and optical cavity fields and their respec-
tive input/output modes. This allows us to define an
impedance matching condition for the device, which we
re-express in terms of interpretable parameters.
Applying the equation of motion for the field in a one-
sided cavity, given by Eq.(6) and Eq.(19) in [42], the two
cavity fields in the device evolve as:
a˙(t) = −iξ∗bˆ(t)− κµ
2
aˆ(t) +
√
κµaˆin(t)
b˙(t) = −iξaˆ(t)− κo
2
bˆ(t) +
√
κobˆin(t)
(5)
where κµ and κo represent the decay rates of the two
cavities. Applying Eq.(5) in [42] also gives
a˙out(t) + a˙in(t) =
√
κµa˙(t)
b˙out(t) + b˙in(t) =
√
κob˙(t)
(6)
Fourier transforming Eq.(5) and using Eq.(6) gives
aˆout(ω) =−
|ξ|2 − (κo2 − iω) (κµ2 + iω)
|ξ|2 + (κo2 + iω) (κµ2 + iω) aˆin(ω)
− iξ
∗√κµκo
|ξ|2 + (κo2 + iω) (κµ2 + iω) bˆin(ω)
(7)
bˆout(ω) =−
|ξ|2 − (κo2 − iω)(κµ2 + iω)
|ξ|2 + (κo2 + iω)(κµ2 + iω)
bˆin(ω)
− iξ
√
κµκo
|ξ|2 + (κo2 + iω)(κµ2 + iω)
aˆin(ω)
(8)
Where ω is the detuning from both the microwave and
optical cavity resonances. For both Eq.(7) and Eq.(8),
the first terms on the right side describe the signals re-
flected from the cavities. The second terms give the pho-
ton conversion between the microwave and optical fields.
From these expressions the number conversion efficiency
is:
η(ω) =
∣∣∣∣ ξ√κµκo|ξ|2 + (κo2 + iω)(κµ2 + iω)
∣∣∣∣2 (9)
Provided the microwave and optical fields are reso-
nant with the cavities (ω  κo/2, ω  κµ/2) and the
strength of the coupling between the microwave and op-
tical fields is chosen appropriately (2|ξ| = √κµκo) to
achieve impedance matching, an input microwave field
is completely converted into an output optical field and
vice versa. The impedance matching condition can also
be written as
1 =
2|Gµ||Go,Ω|
κ∆M
. (10)
The bandwidth of the device, meanwhile, is determined
by the smaller of κo and κµ. For our feasibility analysis
later we will assume that they are equal to κo = κµ = κ,
giving a conversion bandwidth of
√
2κ.
To investigate if the impedance condition can realisti-
cally be achieved, we derive simplified expressions for Gµ,
Go,Ω. Setting the dipole moments µg1,k, dg2,k, d12,k, in-
troduced in Eq. (A4), as homogeneous across the sample
(independent of k), we can then take their scalar pro-
jections along the microwave and optical mode functions
χ(r), φ(r) and (r), introduced in Eqs.(A5)-(A7). Be-
cause the optical detuning is much larger than the op-
tical inhomogeneous linewidth we also take ∆o,k to be
the same for each atom. Thus our expression for Gµ and
Go,Ω become,
Gµ =
1√
N
√
ωµµ0
2~Vµ
µg1
N∑
k=1
|χ(rk)| (11)
Go,Ω =
1√
N
√
ωo
2~0Vo
dg2Ω0
∆o
N∑
k=1
|φ(rk)||(rk)| (12)
4Approximating the sums as integrals over the crystal
volume (Vc) with atomic density ρ = N/Vc, we get
Gµ =
√
N
√
ωµµ0
2~Vµ
µg1
1
Vc
∫
Vc
d3r |χ(rk)|
=
√
ρVc
√
ωµµ0
2~Vµ
µg1 (13)
Go,Ω =
√
N
√
ωo
2~0Vo
dg2Ω0
∆o
1
Vc
∫
Vc
d3r |φ(rk)||(rk)|
=
√
ρVc
√
ωo
2~0Vo
dg2Ω0
∆o
F (14)
Where we have defined F as the integral over the optical
fields, and the integral over the microwave field is simply
Vc because we assumed the field was uniform over the
sample in Section II.
IV. FEASIBILITY
In this section, we show that achieving unit efficiency
is feasible in the device we propose using existing materi-
als and reasonable experimental conditions. We assume
the conversion operates between a 5 GHz frequency mi-
crowave photon (similar to the frequency used for super-
conducting qubits), and an optical photon in the 1550 nm
telecommunications band. We consider a 2 mm diame-
ter ErCl3·6H2O sphere and a loop-gap and Fabry Pe´rot
resonator.
The rare earth crystal that we consider is erbium chlo-
ride hexahydrate (ErCl3·6H2O), a crystal that orders fer-
romagnetically below 350 mK [46]. The optical transition
of Er between the 4I15/2 ground state and the
4I13/2 ex-
cited state occurs at 1540 nm. A modest applied field
would bring the frequency of the Kittel mode to 5 GHz.
The optical and microwave cavities were modeled to
determine the experimental parameters possible. The
models are shown in Figure 3. The microwave cavity
is a shielded loop-gap resonator, which produces a highly
uniform magnetic field in the center of the cavity. We
used finite-difference time domain solutions to model the
loop-gap resonator for a 5 GHz resonance. The optical
cavity was a Fabry-Pe´rot resonator with curved mirrors
and had a 27µm waist inside the middle of the spherical
sample. We use ray tracing with the paraxial approxima-
tion to model a Fabry Pe´rot resonator with a 1540 nm
resonance and 5 GHz free spectral range. The 5 GHz free
spectral range was chosen so that both optical fields are
resonant with the cavity.
To justify the feasibility of the conversion device, we
need to show four things: (a) that the impedance match-
ing condition, Eq.(10), can be satisfied with physically re-
alistic values, (b) that the Rabi frequency and microwave
cavity couplings are small compared to the optical de-
tuning (Ω0, gµ  ∆o), (c) that the cavity coupling to the
magnon mode is small compared to the magnon detun-
Loop-gap resonator(a) (b)
mirrors
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FIG. 3. Diagram showing proposed geometry (not to scale)
for our (a) microwave resonator and (b) optical resonator. A
convex lens is used in the optical resonator to focus the beam
into the center of the sphere in order to minimize spherical
aberration. (c, d) show the modeled field amplitudes of the
microwave and optical resonators. The solid white lines in (c)
outline the loop-gap, and in (d) outline the crystal of diameter
2 mm. The dashed line in (d) indicate the gaussian beam
width.
ing (Gµ, Go,Ω  ∆M ), and (d) that the optical transi-
tion linewidth is small compared to the optical detuning
(γo  ∆o). Satisfying these four criteria will guarantee
unit conversion efficiency, however it is also desirable to
maximise the device conversion bandwidth,
√
2κ. This
introduces a fifth design criteria (e), when possible, max-
imise the device bandwidth
√
2κ ∝ GµGo,Ω (see Eq.(10)).
We first consider satisfying the off-resonant condition
(d). From Table I, the optical linewidth is γo = 1.24 GHz.
By enforcing that the optical detuning is five times larger
than the linewidth, ∆o = 6.2 GHz, we satisfy condition
(d).
We now consider adiabatic condition (b). From Ta-
ble I, the maximum Rabi frequency possible for the pro-
posed device is Ω0 = 68 MHz, assuming a maximum
pump laser power of 1µW. This is much less than the
6.2 GHz optical detuning, so Ω0  ∆0. From the param-
eters in Table I, the coupling between the microwave cav-
ity and individual ions gµ, given by Eq.(A9), is between 0
and 0.8 Hz, depending on the direction of the microwave
field relative to the anisotropic transition dipole moment
µg1. Thus gµ  ∆0, so condition (b) is satisfied.
We now consider adiabatic condition (c) and design
parameter (e). From the parameters given in Table I,
the coupling strength between the microwave cavity and
the magnon mode Gµ, given by Eq.(13), is between 0
5Parameter Symbol Value
Crystal volume Vc 4.2× 10−9 m3
Atomic number density ρ 4.0× 1027 m−3 [43]
Microwave angular frequency ωµ 2pi × 5 GHz
Optical angular frequency ωo 2pi × 195 THz
Maximum available magnetic dipole moment, |g〉 → |1〉 max(µg1) 3.0× 10−23 J·T−1 [44]
Electric dipole moment, |g〉 → |2〉 dg2 2.0× 10−32 C·m a
Optical transition FWHM γo 1.24 GHz
b
Microwave cavity mode volume Vµ 2.9× 10−7 m3 c
Optical cavity mode volume Vo 2.9× 10−11 m3 d
Optical field overlap integral F 2.4× 10−4 d
Maximum available Rabi frequency max(Ω0) 68 MHz
e
Maximum available microwave cavity quality factor max(Qµ) 9× 104 f
Maximum available optical cavity quality factor max(Qo) 3× 108 g
a Measured from experiments on Er:EuCl3·6H2O, which is isostructural to ErCl3·6H2O.
b Measured from absorption spectroscopy experiments performed on ErCl3·6H2O at 5 K and 3.5 T, unpublished.
c Obtained from the numerical model of the loop gap resonator. See supplementary material.
d Obtained from the numerical model of the Fabry Pe´rot resonator. See supplementary material.
e Calculated assuming a maximum pump laser power of 1 µW, a typical tolerable load for cryogenic systems. The beam width and
cavity field enhancement was calculated using the Fabry Pe´rot resonator model. See supplementary material.
f Easily achieved with 3D copper microwave resonators [29]
g Measured in a whispering gallery mode optical resonator made from a doped rare earth ion crystal.[45]
TABLE I. Table of parameters for the proposed device for a 2 mm diameter ErCl3·6H2O crystal, loop-gap microwave resonator
and Fabry Pe´rot optical resonator. When the parameter can take on a range of values, the relevant extremum is given.
and 3.1 GHz, depending on the direction of the mi-
crowave field relative to the anisotropic transition dipole
moment µg1. Meanwhile, the coupling between the op-
tical cavity and the magnon mode Go,Ω (Eq.(14)) is be-
tween 0 and 63 MHz, depending on the choice of the
Rabi frequency Ω0. The largest feasible detuning from
the Kittel mode ∆M , is given by the frequency spacing
to the next magnon mode. At 5 GHz this is expected to
be O(100 MHz) [40]. Given the tunability of Gµ, Go,Ω,
we can satisfy (e) by maximising them within the con-
straint of condition (c). This can be achieved by selecting
Gµ = Go,Ω = 10 MHz and ∆M = 100 MHz, where the
factor of ten difference guarantees Gµ, Go,Ω  ∆M .
Finally, we consider the impedance matching condition
(a). To satisfy Eq. (10) with the values of Gµ, Go,ω,∆M
chosen above requires the cavity decay rates to be κ =
2 MHz. This necessitates the quality factors of the mi-
crowave and optical cavities to be Qµ = 2.5 × 103 and
Qo = 9.7× 107 respectively. From Table I, this is within
the range of feasible quality factors, so satisfying (a) is
physically achievable.
This means our proposed device can satisfy all the re-
quirements of the theory set out in Appendix A and Sec-
tion III with bandwidths well in excess of one megahertz
possible. It should be noted that when choosing parame-
ters the limiting factor on the bandwidth was the spacing
between the magnon modes. The bandwidth available is
set by the collective coupling rates which were in turn
limited by the adiabatic condition to be less than the
magnon detuning, which is in turn limited by the spac-
ing between the magnon modes. This means that the
reliability of this feasibility analysis is somewhat insensi-
tive to all the other system parameters. It is unfortunate
that of all the parameters we have estimated, the spacing
between the magnon modes is the least well constrained,
in particular the calculations in [40] are for an isotropic
ferromagnet, which ErCl3·6H2O is not. For the optical
properties of ErCl3·6H2O and the Zeeman sensitivity of
the spin states we used measured quantities, but collec-
tive magnetic resonance is poorly studied in crystals with
rare earth ions as the only magnetic ion. The only ob-
servation we are aware of is Ref. 47. This is perhaps
because rare earth ions have weak exchange interactions
and only order at temperatures comparable to 1 K. Ad-
ditionally, narrow collective resonances are only seen at
temperatures well below the Curie temperature [48] and
this requirement for very low temperatures would rule
such materials out for many traditional applications of
magnetic materials. This is not a problem when using
these materials for frequency conversion of microwave
photons because microwave frequency quantum states,
already require these very low temperatures.
V. CONCLUSION
We proposed using insulating crystals fully concen-
trated with rare earth ions for microwave-to-optical fre-
quency conversion. These materials promise very nar-
row optical transitions at the same time as very high
6ion densities and narrow collective magnetic resonances.
The analysis presented showed that using ErCl3·6H2O as
the crystal, high efficiency, high bandwidth microwave-
to-optical conversion should be possible. This result sug-
gests further study of fully concentrated rare earth crys-
tals, particularly their collective resonances, would be a
promising avenue.
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Appendix A: Device Hamiltonian
The Hamiltonian for our device can be written as
H = HF +HA +HIF
+HE +HD.
(A1)
Here, HF describes the energy in the cavity fields
HF = ~ωµ,caˆ†aˆ+ ~ωo,cbˆ†bˆ, (A2)
where aˆ and bˆ are the annihilation operators of the
microwave and optical cavities respectively and ωµ,c and
ωo,c are the (bare) resonant frequencies of the microwave
and optical cavities respectively.
HA describes the energy of the rare-earth ions
HA =
∑
k
~ω2,kσ22,k + ~ω1,kσ11,k. (A3)
The sum here is over all rare-earth ions within the
sphere and the subscript k indicates the kth rare-earth
ion. The resonant frequency of the excited states |1〉k and|2〉k are given by ω1,k and ω2,k respectively, and σij ≡|i〉 〈j| represents the atomic transition operator. This
term has taken into account the energy splitting due to
the Zeeman interaction, such that ~ω1,k = gµBB0, where
g is the Lande´ g-factor, µB is the Bohr magneton and B0
is the strength of the static magnetic field.
HIF describes the interaction between the rare-earth
ions and the cavity fields
HIF =
∑
k
µg1,k ·Bµ(rk)+dg2,k ·Eo(rk)+d12,k ·EΩ(rk, t).
(A4)
Here, µg1 is the magnetic dipole operator of the mi-
crowave transition and d12 and dg2 are the electric dipole
operators of the optical and driving field transitions re-
spectively. Bµ,Eo and EΩ describe the magnetic and
electric field operators for the microwave, optical and
driving fields respectively,
Bµ =
√
~ωµ,c
20Vµ
(aˆ† + aˆ)χ(rk) (A5)
Eo =
√
~ωo,c
20Vo
(aˆ† + aˆ)φ(rk) (A6)
EΩ = E0(e
−iωΩt + eiωΩt)(rk). (A7)
where the mode volumes of the microwave and optical
cavities are represented by Vµ and Vo respectively and E0
is the peak magnitude of the coherent driving field. The
microwave and optical mode functions are represented by
χ(r), φ(r) and (r) respectively, and have been normal-
ized between 0 and 1.
Expanding Eq.(A4) out we can obtain the expression
HIF =
∑
k
~gµ,k(σg1,k + σ1g,k)(aˆ† + aˆ)
+~go,k(σg2,k + σ2g,k)(bˆ† + bˆ)
+~Ωk(σ12,k + σ21,k)(e−iωΩt + eiωΩt).
(A8)
Here the coupling strengths between the ions and the
microwave and optical cavities are given by gµ and go
respectively,
gµ,k =
√
ωµµ0
2~Vµ
µg1,k · χ(rk) (A9)
go,k =
√
ωo
2~0Vo
dg2,k · φ(rk). (A10)
and the Rabi frequency of the classical driving field for
each ion is represented by Ω,
Ωk =
1
~
d12,k · E0(rk)
= Ω0,k · (rk)
(A11)
where Ω0,k is the peak Rabi frequency.
The final two terms describe interactions between the
spins that generate collective behavior. HE describes the
exchange interaction between neighboring spins,
HE = −J
∑
k,δ
Sˆk · Sˆk+δ (A12)
7Here, the δ summation runs over all nearest neighbours
to the kth rare earth ion and J is the isotropic exchange
constant.
Finally, HD describes the dipole-dipole interaction be-
tween spins,
HD =
1
2
g2µ2B
∑
k,j
[
Sˆk · Sˆj
r3kj
− 3(Sˆk · rkj)(Sˆj · rkj)
r5kj
]
(A13)
Here, both the k and j summations run over all rare-
earth ions, and rkj is the displacement vector from the
kth rare-earth ion to the jth rare-earth ion.
As we are working within a regime where only mag-
netostatic modes are excited, the effect of the exchange
interaction is negligible and can be ignored [39, 40]. Fur-
ther, following the method of Holstein and Primakoff [49],
it can be shown that for a spherical sample in which
only the Kittel mode is excited, the dipole-dipole inter-
action reduces to a constant which can be ignored when
analysing the dynamics of the device.
Before moving our Hamiltonian into the interaction
picture we rewrite HF and HA in the following way
HF = ~ωobˆ†bˆ+ ~ωµaˆ†aˆ+ ~(ωµ,c − ωµ)aˆ†aˆ+ ~(ωo,c − ωo)bˆ†bˆ
= ~ωobˆ†bˆ+ ~ωµaˆ†aˆ+ ~δµaˆ†aˆ+ ~δobˆ†bˆ
(A14)
HA =
∑
k
~ωoσ22,k + ~ωµσ11,k
+~(ω2,k − ωo)σ22,k + ~(ω1,k − ωµ)σ11,k
=
∑
k
~ωoσ22,k + ~ωµσ11,k
+~∆o,kσ22,k + ~∆µ,kσ11,k
(A15)
Here, ωo and ωµ are the frequencies of the applied op-
tical and microwave fields respectively. The detunings of
the microwave and optical fields from the cavities are δµ
and δo respectively and the detuning of the microwave
and optical fields from the spin and optical transitions
are ∆µ and ∆o respectively.
Writing our Hamiltonian as H = H0 + V , where
H0 = ~ωµaˆ†aˆ+ ~ωobˆ†bˆ
+
∑
k
(~ωoσ22,k + ~ωµσ11,k) (A16)
V = ~δµaˆ†aˆ+ ~δobˆ†bˆ
+
∑
k
(~∆o,kσ22,k + ~∆µ,kσ11,k) +HI. (A17)
we move into the interaction picture via the transfor-
mation H = eiH0t/~V e−iH0t/~ to get
H = ~δµaˆ†aˆ+ ~δobˆ†bˆ
+
∑
k
(~∆o,kσ22,k + ~∆µ,kσ11,k) +
∑
k
(Ωkσ21,k + H.c.)
+
∑
k
(gµ,kσ1g,kaˆ+ H.c.) +
∑
k
(go,kσ2g,k bˆ+ H.c.)
(A18)
We will now simplify our device Hamiltonian by remov-
ing the dynamics of the optical and Kittel modes, which
will enable the conversion efficiency of our device to be
calculated in Section III. This simplification is possible
as our system is driven off-resonantly, thus the |1〉 and
|2〉 states will remain nearly unpopulated, acting only
as intermediate states to enable a three-photon process.
Removing the dynamics of the intermediate states can
be achieved by the process of adiabatic elimination; for
details on the process see [50, 51].
We first adiabatically eliminate the optically excited
state from each atom. Working with large optical de-
tunings, |∆o,k|  |go,k| and |∆o,k|  |Ωk|, we can adia-
batically eliminate the optically excited states from each
atom to obtain,
H = ~δµaˆ†aˆ+ ~δobˆ†bˆ+ ~
∑
k
∆µ,kσ11,k
−~
∑
k
( |Ωk|2
∆o,k
)
σ11,k
−~
∑
k
1
∆o,k
|go,k|2σgg,k bˆ†bˆ
+~
∑
k
(gµ,kσ1g,kaˆ+ H.c.)
−~
∑
k
1
∆o,k
(go,kΩ
∗
kσ1g,k bˆ+ H.c.).
(A19)
Three new terms appear in the Hamiltonian. The
fourth term of Eq.(A19) describes the AC stark
shift, which under the adiabatic elimination condition
(|∆o,k|  |Ωk|) will be small and hence ignored. The
fifth term in Eq.(A19) represents a shift in the resonance
frequency of the optical cavity due to the presence of the
atoms. This term as can be compensated for by tuning
the resonant frequency of the optical cavity. This can be
seen from Eq.(A19) by rewriting the optical cavity detun-
ing as δo = δo1 + δo2 where δo1 = ~
∑
k
1
∆o,k
|go,k|2σgg,k.
The final term in Eq.(A19) describes the coupling be-
tween the ground and excited states via the two optical
fields.
To adiabatically eliminate the first excited state, the
Kittel mode, we need to express the Hamiltonian in terms
8of Kittel mode creation and annihilation operators. This
transformation will be carried out in several steps. First,
we can re-express the Hamiltonian in terms of spin oper-
ators, via the transformations:
1
2
(σgg,k − σ11,k)→ Sˆz,k
σg1,k → Sˆ+,k
σ1g,k → Sˆ−,k
(A20)
Secondly, we introduce the Holstein-Primakoff trans-
formations for effective spin-half systems [52]:
Sˆ+,k = hˆk
Sˆ−,k = hˆ
†
k
Sˆz,k =
(
1
2
− hˆ†khˆk
)
,
(A21)
where hˆ are the Holstein-Primakoff operators.
Finally we introduce a transformation between the
Holstein-Primakoff operators and the Kittel mode oper-
ator. This transformation involves a Fourier transform
followed by a Bogoliubov transformation [49]. However,
for a spherical sample and by ignoring all modes other
than the Kittel mode, these transformations reduce to:
hˆk =
1√
N
mˆ0. (A22)
where N is the number of rare-earth ions in the spher-
ical crystal and mˆ0 is the Kittel mode annihilation oper-
ator.
Applying transformations, Eq.(A20), Eq.(A21) and
Eq.(A22) to Eq.(A19) we obtain a Hamiltonian in terms
of Kittel mode operators:
H = ~δµaˆ†aˆ+ ~δo2bˆ†bˆ+ ~∆Mmˆ†0mˆ0
+
[
~mˆ0
(
G∗µaˆ
† −G∗o,Ωbˆ†
)
+ H.c.
]
,
(A23)
where we have introduced the parameters,
Gµ =
1√
N
∑
k
gµ,k (A24)
Go,Ω =
1√
N
∑
k
Ω∗kgo,k
∆o,k
(A25)
∆M =
1
N
∑
k
∆µ,k (A26)
These parameters have a physical interpretation: Gµ
describes the coupling between the microwave cavity and
the Kittel mode, Go,Ω describes the coupling between
the optical cavity and the Kittel mode via the two step
process |g〉 → |2〉 → |1〉, and ∆M describes the detuning
of the microwave field from the Kittel mode transition.
Working with Gµ, Go,Ω  ∆M we can adiabatically
eliminate the Kittel mode from Eq.(A23) to obtain:
H = ~δµaˆ†aˆ+ ~δo2bˆ†bˆ
− ~
∆M
|Gµ|2aˆ†aˆ− ~
∆M
|Go,Ω|2bˆ†bˆ
+
~
∆M
(
G∗µGo,Ωaˆ
†bˆ+GµG∗o,Ωbˆ
†aˆ
)
.
(A27)
Similar to what we saw in Eq. (A19), the third and
fourth terms of Eq. (A27) represent a shift in the reso-
nance frequency of the two cavities due to the presence
of the atoms. These terms can be compensated for in ex-
periment by tuning the cavities (setting δµ =
~
∆M
|Gµ|2
and δo2 =
~
∆M
|Go,Ω|2). The third term represents a lin-
ear coupling between the microwave and optical cavity
fields, with strength ξ:
ξ =
G∗µGo,Ω
∆M
(A28)
We have now arrived at a simplified Hamiltonian for
the device, which will be used to estimate the device
performance
H = ~
(
ξaˆ†bˆ+ ξ∗bˆ†aˆ
)
. (A29)
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